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rn' 

t^ ' Abstract 

(N ! 

The asymptotic behavior of conformal metrics with negative curvatures 

O ■ near an isolated singularity for at most second order derivatives was described 

.^ I by Kraus and Roth in one of their papers in 2008. Our work improves one 

estimate of theirs and shows the estimate for higher order derivatives near an 
t^ ' isolated singularity by means of potential theory. We also give some limits of 

Minda-type for SK-metrics near the origin. Combining these limits with the 
^>. ' Ahlfors' lemma, we provide some observations SK-metrics. 

u' 

1 Introduction 

^ ■ The research of conformal metrics has a long history, since the time of Liouville and 



^ ! Picard, see [HI [121 [13]. For a conformal metric A(2:)|d2;| on a subdomain G of the complex 

(^ I plane C, we can define its (generalized) Gaussian curvature kx{z). Let u{z) = logA(z). If 

CN ■ n\{z) = 0, then u{z) satisfies the Laplace equation Au = 0, which means u{z) is harmonic 

'sj" , on G. So that the property of u{z) can be studied by means of potential theory, see, e.g. 

^-^ ' [2]. If Kx{z) = —4, then A log A = 4A^ and u{z) is the solution to the Liouville equation 



m 



^ 



Au = 4e^". (1.1) 



^ I Each solution to equation (jl.ip belongs to a class of subharmonic functions and it is 

corresponding to a kind of special metric, called the SK-metric, according to Heins, see 
[3]. The existence and the uniqueness of the solutions to equation (jl.ip are subject to 
some suitable boundary conditions. Through out our study, we are concerned only with 
the asymptotic behavior near an isolated singularity of the solution to equation (11. ip . so 
it is sufficient to consider the behavior in the punctured unit disk B\{0}, where the origin 
is an isolated singularity of some order a < 1. Near the singularity, we need some more 
refined invariants to estimate the asymptotic behavior, like the growth of the density. The 
assignment of the order of the singularity is such an invariant. 

As for equation (11. ip . Liouville proved that, in any disk D contained in the punctured 
unit disk ID'\{0} every solution u to (jl.ip can be written as 

uiz)= log '^'^^^' 



1-l/wp^ 
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where / is a holomorphic function in D, see [5]. Based on Liouville's results, Nitsche 
described the behavior of u{z) with constant curvature k{z) = —4 near the isolated sin- 
gularities on plane domains in [11]. Subsequently, Kraus and Roth extended Nitsche's 
results to the solutions of the more general equation 

An = -K(z)e2" (1.2) 

with strictly negative. Holder continuous curvature functions n{z) in [6j. In fact, equa- 
tion (1.2) has an exquisite geometric interpretation: Every solution u to (II. 2p induces a 
conformal metric e'^^^'\dz\ with Gaussian curvature function k{z) and vice versa (for more 
details, see [6]). Our first result is the estimates for some terms of u[z) near the singularity. 
We improve the estimate of the mixed derivatives when the order of u is a = 1 and obtain 
the estimate for higher order derivatives near the origin. We show in [15j that, our result 
is sharp by use of the generalized hyperbolic metric )^a,p,'y on the thrice-punctured sphere 
P\{zi, Z2-, z^} with singularities of order a, /3, 7 < 1 at zi, Z2, 23, which was given by Kraus, 
Roth and Sugawa for a + /? + 7 > 2, see [7]. 

As an extremal case of the SK-metric, the hyperbolic metric, also called the Poincare 
metric, plays an important role on (punctured) disks. Early in 1997, Minda [10] investi- 
gated the behavior of the density of the hyperbolic metric in a neighborhood of a puncture 
on the plane domain using the uniformization theorem. His method offers us a way to 
describe the asymptotic behavior on an arbitrary hyperbolic region. Our second result is 
to extend Minda's work and to give some limits of Minda's type. 

This paper is divided into four sections. In Section 2 the notations and the definitions 
are introduced. Section 3 is contributed to potential theory. The main results and their 
proofs are given in Section 4. 



2 Preliminaries 

2.1 Singularities and orders 

If G C C is a domain, then every positive, upper semi-continuous, real-valued function 
A : G ^ (0, +00) on G induces a conformal metric \{z)\dz\, see [3l|5]. In our discussion 
we take the linear notation for a conformal metric ds = \{z)\dz\. Let P denote the 
Riemann sphere C U {00} and let i7 C P be a subdomain. For a point p € il, let z be 
local coordinates such that z{p) = 0. We say a conformal metric A(z)|dz| on the punctured 
domain O* := r2\{p} has a singularity of order a < 1 at the point p, if, in local coordinates 

i°g^(-) = l"?'°''r'!t\i/i 1^^ (^ t"^! (2-1) 

1^ — log [zl — loglog(l/|z|) + i(;(2;) if a = 1, 

where v{z),w{z) = 0(1) as z{p) -^ with O and being the Landau symbols throughout 
our study. Let Mu{r) := sup|2|=r ^(-2) ^^ ^ real- valued function u{z) defined in a punctured 
neighborhood of 2: = and call 

a{u) := hm -^^^ (2.2) 

r^Q+ log(l/r) 

the order of u{z) if this limit exists. For u{z) := logA(z), a{u) in (j2.ip is equal to a in 
(j2.2p . In fact, if a{u) < 1 in (j2.2p . then v{z) is continuous at 2; = and w{z) = 0(1) as 



z ^!- 0, see Theorem 3.1 in [6]. We call the point p a conical singularity or corner of order 
a if a < 1 and a cusp if a = 1. The generalized Gaussian curvature k\{z) of the density 
function X{z) is defined by 

i^x{z) = --—T^liminf— — / log A(2: + re'*)dt - log A(2;) . 

We say a conformal metric A(z)|(i2;| on a domain il C C is regular, if its density X{z) is 
positive and twice continuously differentiable, i.e. \{z) > and A(2:) G C^(0). If A(2:)|dz| 
is a regular conformal metric, then 

AlogA(z) 



\{zY ' 

where A denotes the Laplace operator. It is well known that, \i a < k\{z) < 6 < with 
constants a,h ^M.^ the metric A(z)|(iz| only has corners or cusps at isolated singularities 
(see [9]). 

The Gaussian curvature is a conformal invariant. Let A(2;)|(i2:| be a conformal metric 
on a domain G E C and / : O — )• G be a holomorphic mapping of a Riemann surface O 
into G. Then we can define the pullback f* X{w)\dw\ of A(z)|d2:| by 

rAH|du;|:=A(/H)|/'H||du;|. 

It is easy to see that f*\{w)\dw\ is a conformal metric on ri\{critical points of /} with 
Gaussian curvature 

Kfx{w) = Kx{f{w)). 

Using this conformal invariance, we can easily build relations between Riemann surfaces 
with conformal metrics. Here we can see that, on the punctured domain r2\{critical points 
of /}, the critical points of / are the source of the singularities. 

The hyperbolic metric is a complete metric with some constant Gaussian curvature, 
here we take the constant to be —4. We call an upper semi-continuous metric A(z)|(i2;| on 
a Riemann surface ri an SK-metric if its Gaussian curvature is bounded above by —4 at 
every z E 0. The hyperbolic metric on the unit disk B is defined by 

Xo{z)\dz\ = ^^. (2.3) 

1 — \z\ 

The following result is a fundamental theorem about SK-metrics by Ahlfors, see [1], also 
[3], which claims that the hyperbolic metric Xo{z)\dz\ on the unit disk D is the unique 
maximal SK-metric on B. 

Theorem A [1] . Let ds he the hyperholic metric on D given in i2.3\) and di be the metrics 
on D induce by an SK-metric on a Riemann surface 0. If the function f(z) is analytic in 
O, then the inequahty 

de<ds 

will hold throughout the circle. 



On the punctured unit disk D* := B\{0}, the hyperbohc metric is expressed by 

\dz\ 
\ji*{z)\dz\ 



2\z\\og{l/\z\) 

with the constant curvature —4. We denote Dj^j := {z G C : \z\ < R} and Or* := ]D)/j\{0} 
for R > 0. On the punctured disk B|j, the (generalized) hyperbolic metric with a conical 
singularity at the origin is given in [7J. For its detailed proof, see [14j . 

Theorem B [7, 14]. For R>0, let 

(l-a)i?i-"|z|"" I- a 



K,r{z) 



if a < 1, 



R2{l-a) _ |2[2(l-a) 2\z\ siuh ((1 - o) \og{R/\z\)) 

—. — ; 7— —7; — ;— if Q = 1 

t 2\z\\og{R/\z\) 



for z G B|j. Then given an arbitrary SK-nietric cr(z) on BJj with a singularity at z = of 
order a, we have a{z) < Xa,B.{z). 

2.2 Regularity and Logarithmic potential 

If equation (jl.2p has a C^-solution u{z), then the higher regularity properties of u{z) only 
depends on the smoothness of k{z), according to Gilbarg and Trudinger [2, p. 109]. Here 
we need the Holder spaces C"''^(B/j), consisting of functions whose n-th order partial 
derivatives are locally Holder continuous with exponent z/ in B/j, < z^ < 1, which are 
defined as the subspaces of C"'(Bk). The following result can be obtained immediately 
from the standard regularity theorem, see, e.g. [2, Theorem 6.17]. 

Lemma 2.1 (Regularity theorem) Letu be a C^ -solution to the equation Au = —K{z)e'^'^ 
in B*, where k G C'^iW). Then u G C''+'^' "^ (B*) . If k lies in C~(B*), then n G C°°(B*). 

We shall use potential theory as employed by Kraus and Roth in [6j. Here we list some 
elementary facts without proof. 

For a bounded, integrable function f(z) defined on a domain C C, the integral 

is called the logarithmic potential of /, where L{z — C) = log \z — CI and da/^ is the area 
element on domain fi. Write z = xi + 1x2, C = 2/1 + W2 and set < r < 1. The following 
lemma was mentioned in [6]. It is a consequence of the famous Riesz decomposition 
theorem, and can be obtained from Theorem 4.5.1 and Exercise 3.7.3 in [4]. 

Lemma C [6]. Let u be a subharmonic function on B^ such that u G C'^iJQ'r*), Au is 
integrable in B^ and 

SUP|^|=^U(2) 

lim — — — — - — = 0. 
r^o log(l/r) 

Tlien u{z) = h[z) +uj{z) for z G B^, where h is a harmonic function on B^ and oo{z) is the 
logarithmic potential of Au. 



Lemma D [2, p. 54], Let f : I}r ^ M. he a locally bounded, integrable function in D^ and 
uj be the logarithmic potential of f. Then uj G C'^{I]),f) a-nd for any z = xi + 1x2 € Br, 

forj G{1,2}. 

If, in addition, f is locally Holder continuous with exponent u < 1, then uj G C^(Dr) aud 

for z G Br; 

dxidxj 27r J^^ dxidxj 

2vr Jgjo^ dxj 

where N{(^) = (iVi(("), A^2(C)) 1^ ^he unit outward normal at the point C G 5B/j with R > r 
and f is extended to vanish outside of B^.. 

There is a similar proposition for higher order derivatives of the logarithmic potential. 
Define a multi-index j = (ji, J2), |j| = Ji + J2, Ji,J2 = 0, 1, 2, . . . , so (C - zy = (yi - 
xiy^{y2 — X2y^ , j! = Ji!j2" For z = xi + 1x2, denote 

d d ■ ■ ■ 

—— — i9i — — — (9o cP — rP^cP'^ 
9x1 " '' dx2~ ^' -^1^2 • 

For a given multi-index j = (ji,j2)! we can choose e,- = (0, 1) or (1,0) for r = 1,2, . . . 
such that jf = ei -|- 62 + • • • -|- e„ with n= |jf|. Write C = yi + %2, set 



^»[/l(i,C) 



|a|<n 



/(z) if n = 0, 

where a is a multi- index. For rn, = 1, 2, it holds that 



dyn 



'-{z,C) = Pn-l[dmf]{z,C), 



see |14j for more details. Using this notation, we can present the analogue of Lemma IDJ 
as follows. 

Lemma E [14]. Let < r < 1, /: Br ^ M and / G C^-"^^"" {^r) with <u <1, n>3, 
CO be the logarithmic potential of f. Then uj(z) G C"(Br) and for n = \j\, 

ffiuj{z) 

= ^[ (PLiz-C)-if{C)-Pn-2[f]iz,C))dac 



n—l 

2tx 



\-Y, [ d''^Liz-0-Pr-i[d't>rf]{z,C)-{NiO,er+i)\da (2.4) 



where Or := ei + ■ ■ ■ + e,-, 0^ := eT-+2 + • • • + e^ for r = 1, . . . , n — 1 and 4>n-i •= (Oi 0), 
N{C,) = {Ni{Q,N2{0) is the unit outward normal at the point C, G 9B/j with R> r, { , ) 
is the inner product and the function f is extended to vanish outside of Br. 



3 Main estimates 

We denote 



Qn _ gn 

gn ^ _^^ gn ^ _^ 



for n > 1. The following theorem is given by Kraus and Roth in [6]. 

Theorem F [6]. Let k : B — > M be a locally Holder continuous function with k{0) < 0. 
If u : ID* —)■ M is a C'^-solution to Au = — K(z)e^" in B*, then u has an order a G (— C)0, 1] 
and 

u{z) = —alog\z\ + v{z), if a < 1, 

u{z) = — log \z\ — loglog(l/|2;|) + 'w{z), if a = 1, 

where the remainder functions v{z) and w{z) are continuous in B. Moreover, the first 
partial derivatives with respect to z and z, 



dv{z), dv{z) are continuous at z = if a < 1/2; 



and 



dv{z), dv{z) = 0(1) if a = 1/2; 

dv{z), dv{z) = 0(|2|i-2a) if 1/2 < a < 1, 

dw{z), dw(z) = 0{\z\-^{log{l/\z\))-^) if a = l, 

when z approaches 0. In addition, the second partial derivatives, 

d v{z), ddv{z) and B v{z) are continuous at z = if a < 0; 

and 

d'^v{z), ddv{z), d\{z) = Od^r^") if < a < 1, 

d'^w{z), ddw{z), d'^w{z) = 0{\z\-^{log{l/\z\))-^) if a = 1, (3.1) 

wlien z tends to z = 0. 

In the work of Kraus and Roth, the proof of Theorem [F] was based on Lemma [Dl 
Since we have obtained a similar statement in Lemma [Ej the estimate for higher order 
derivatives of the remainder functions v{z), w{z) can be given. We consider v{z) and w{z) 
separately. 

Theorem 3.1 Let k{z), u{z), v{z) and a be the same as in Theorem iFl If < a < 1 and 
if, in addition, k{z) G C"~^''^(D*) for an integer n > 3, < u < 1, then for ni, 71-2 > 1, 
ni + n2 = n, near the origin, the remainder function v{z) satisfies 

d^'viz), d^'viz), a"ia"2t;(z) = odzp-^"-'^). 

Proof. Lemma [27T] shows that u{z) G C^'^iJ}*). Due to Kraus and Roth ^ we have 

v{z) = h{z) + i- / L{z- OfiOda^ 



for z E B*, < r < 1 and a harmonic function h on B^, where qi^z) = — k{^z^€^'"^^\ 
f{z) = q{z)\z\~'^°' . Now fix < i? < 1, choose z G B^,2 ^^^ let r = \z\/2. Then for a 
multi-index j, |j| = n > 3, rearranging (|2.4p leads to 

d^v{z) 

= d^h{z) + ^ / a^L(z - C)/(C)rf^c + T^ / S^'^C^ - C) (/(C) - /(^)) 'i^c 



^i/o/"'^-«„^. 



(C - z)"a«/(z) 



l<|a|<n 



a! 



dac^ 



n-l 
--Y, d'^^ L{Z - ■ Pr-lid"^^ 



/](z,C)-(iV(C),e.+i)|dC| 



(3.2) 



for z = xi +ix2 and a harmonic function h on B/j, and the same symbols dr^ (j^r ^^^ used 
here as in (|2.4|) . 
It is known that 



cPL{z - C) 



< 



n! 



(3.3) 



|z-C|"' 
see [2, p. 17]. Denote M = sup^gp^ k(C)l a^d let C„ > 0, n E N, be some constants. Then 



/ 



diL{z - OfiOda^ 



< M 



n\ 1 



Ci 



«\o. k-chici 



2a'^^C. < |^|2a+n-2' 



and 



< 



< 



d^L{z-OU{0-f{z))da^ 



■ k-CI 

C2 



ICI 



2a 



dcTf + M 



n! (icr + kr)iicr-ki' 

k-CI" |z|2"|C|2" 



-do"^ 



|^|2a+n-2 ' 



see [6]. When one of ji and j2 is zero, there is no cancelation. Thus we obtain d"'v,d^v = 
0(|zp~^"~"). If neither ji nor j2 is zero, the first three integrals in (j3.2p are canceled, so 
we have to consider the last term in (|3.2p . In the last sum in (j3.2p letting r = 1, we get 
the integral 

9'^i/(z)- / d-^Liz-C)-{N{C),e2)\dC\. 

JdDr 

Writing ^ = re*^ and taking ei = (1,0), 62 = (0, 1) without loss of generality, we have 



diL{z - C)N2{C)\dC\ 



xi — r cos ( 



2tt 



xi — rcosf 

k-CP 



■r sin 0(i^ 



< 27r 



a»,. k ~ CI' 

xi — r COS0 

k-cp 



sin6lIdC| 



rl sin 01 < 67r. 



(3.4) 



So it is evident that, 



d^-'Liz-0-{NiC),e2)\dC\ 



< 6tt 



holds for all kinds of ei and 62- Now consider d'^^f{z). Since f{z) = q{z)\z\ ^", then the 
term q{z) ■ d^''- {\z\~'^°') appears with some coefficient. Note that 



\2a 



< 



c. 



\2a+n-2 ■ 



SO 



j{z)d't'^ 



1 2a 



d-^Liz-C)-{NiC),e2)\dC\ 



< 



evrMCs 

\y\2a+n-2 ' 



Therefore d'^^d'^^v = 0{\z 



\2-2a-n\ 



n 



The following result is for the higher order derivatives of the remainder functions w{z) 
when the order is 1. 

Theorem 3.2 Let k{z), u{z), w{z) and a he the same as in Theorem iFl If a = 1 and 
if, in addition, k(z) € C"~^'^(B*) for an integer n > 3, < u < 1, then for ni, n2 > 1, 
rii + n2 = n, near the origin, the remainder functions w{z) satisfies 



B'^wiz), d"w{z) = 0(|z|-"(log(l/|z|))-2), 
d'''d''^w{z) = 0{\z\-''{log{l/\z\))-^). 

The proof is based on the following lemma. 
Lemma G [6]. Let k : D — > M be a continuous function with k(0) < and 

s{z) 



(3.5) 



k{z) = k(0) + 



(l0g(l/|.|))2' 



where s{z) = 0(1) as 2: — )• 0. If u : D* — > M is a solution to Au = —Hi{z)e'^^ with 
u{z) = —log l^l — loglog(l/[2;|) + w{z) where w{z) = 0(1) for z ^>- 0, then there exists a 



disk Dp such that 



-Kizje 



2w{z) 



log(l/|z|) 



(3.6) 



for some constant C > 0. 



Proof of Theorem 13.21 Lemma [27T] shows that u{z) € C"''^(D*). For w{z) defined as in 
Theorem IFJ we first show that 



1 f -K(C)e2"'(^) - 1 

w(.) = M--) + 5; I U. - C) |^p(i„^(i^|^|)). -'<'c 

for zGD*,0<r<l, where h is harmonic on B^. Let 

t{z) := -loglog(l/[z|), p{z) := wi^z) + t{z) = u{z) +log|z| 
for z G B*. Since 



(3.7) 



Ap{z) = —K{z)e 



2u 



-K{z)e 



2w{z) 



>o, 



|z|2(log(l/|zI))2 

p{z) is subharmonic on B* and lim^_!.o ^(2) = — 00, then p{z) is subharmonic on B,.. By 
Lemma [Cl as z 1— )• Ap{z) is integrable over B^, 



p(z) = hp{z) + 



27r 



-^(Oe^^'K) 

'^^'"^^ICP(log(i/ICI))^^^^'''' 



where hp{z) is harmonic on D^.. For t(z), we also have 

'^'^ = ''^'^ + ^ L "^^^ " ^^ICP(iog(i/|CI))^''^^' 



z € 



where /it(^;) is harmonic on IDr- Setting t(;(z) = p{z) — t{z) gives ()3.7p with /i(z) = 
/ip(^;) -ht{z). 

Now set -R < 1/e^. So there exists a number /? > such that the inequality (]3.6p 
holds in the disk Bp. Let p = min{i?/2, p}. We choose z € Bp and set r = \z\/2. Let 
g(z) = -K(z)e2"'(^) - 1, /(z) = g(z)|z|-2°. Then from ([231), we have 



&'w{z) 
ff'hiz) + 



27r 



1 



27r 
(C - zrd'^fiz) 



ff>L{z - C)fiC)da<: + — / d^Liz - (/(C) - fiz)) da^ 



l<|a|<n 

^£ / d^-Liz-C)-Pr-i[d^-f]{zX)-{N{C),er+i)\dC\ 



27r 



for a harmonic function /i on Bp. We can obtain 



(3.8) 



j\i 



d^L{z - OfiOda^ 



< 



Ca 



d^L{z-Q){f{C)-f{z))d<j^ 



Z|"(l0g(l/|z|))2^ 
^5 



< 



|zh(log(l/|z|))2' 

by (I33D and Theorem [33] in [6j. So a"tt;(z), a"u;(z) = 0(|z!-"(log(l/|z|))-2). For the 
mixed partial derivatives, since the first three integrals are canceled, we have to estimate 
the last term in (I3.8p . Letting r = 1 in the last sum of (13. Sp . the term 



d'^^fiz) / a-iL(z-C)-(iV(C),e2)|dC| 



appears. Now consider d^^f{z). Our aim is d'^^d'^'^w{z) = 0{\z\ "(log(l/|z|)) ^). Since 
f{z) = g(z)|z|-2(log(l/|z|))-2, then g(z)-a'^i(|z|-2(log(l/|z|))-2) appears in 5'^i/(z) with 
some coefficient. We can calculate that 



5<^i 



1 



\z\\\og{l/\z\)f 



< 



Ca 



|z|"(log(l/|z|))^ 



thus 



7(z)9'^i 



|z|2(log(l/|z|))^ 



d-^L{z-Q)-{N{C),e2)\dC\ 



< 



GttCj ■ Ca 

|z|"(log(l/|z|))= 



provided ([23]) and ([Hai)- So d''^d''^w{z) = 0(|z|-"(log(l/|z|))-^) as desired. 



D 



The second order derivative of w{z) in Theorem [Fl is contained in Theorem 13.21 How- 
ever, for the mixed partial derivative, the estimate p.Sp is more accurate than (4.1). We 
take it to be a corollary as following. 



Corollary 3.3 Let k : B ^ M be a locally Holder continuous function with «;(0) < 0. 
If u : B* — )- M is a C'^ -solution to A.u = — K(z)e^" in B* with the order a = I at the 
point z = 0, then for the remainder function 'w{z) as in Theorem [Fj the second partial 
derivatives satisfy 

W,,{Z) = 0(|z|-2(log(l/|zI))-3). 

As for the sharpness of Theorems IF J 13 . Il and 13.2] the generahzed hyperbohc metric on 
the thrice-punctured sphere makes a convictive case here. Theorems 3.3 and 4.2 in [15] 
verify that Theorems |F | 13. Il and [3^2] are sharp, see |15) for details. 



4 Minda-type theorems 

The following result is Minda's theorem. It is a general estimate for the hyperbolic metric 
near the singularity. 

Theorem H [10] . Suppose fi is a hyperbolic region in the complex plane and p G C is an 
isolated boundary point ofi}. Let the hyperbolic metric on 0, with the constant Gaussian 
curvature —1 be An(a;)|dcj|. Then 

lim \u) - p\ log(l/|a; - p\)Xn{uj) = - . 

The following theorem is due to Kraus and Roth. 

Theorem I [6]. Let A(z)|dz| be a regular conformal metric on a domain il C C with 
an isolated singularity at z = p. Suppose that its curvature k : $7 — > M lias a Holder 
continuous extension to il U {p} such that K,(p) < 0. Then log A iias an order a < 1 at 
z = p and 



if a < 1 

z - p\ log(l/|z - p\)X{z) = < 

2— >p 



lirnjz - p\log{l / \z - p\)X{z) - ^ - ifa = l. 



\/-«(p) 



We obtain the following result in relation to Theorem [H 

Theorem 4.1 Let \{z)\dz\ be a regular conformal metric on a domain 0, Q C with 
an isolated singularity at z = p. Suppose that the curvature «; : fi — > M iias a Holder 
continuous extension to il U {p} such that k{p) < and tiie order of log A is a = 1 at 
z = p. Then 

(i) lim{z - p)\z - p\\og{l/\z - p\)Xz{z) = - 

3 

(ii) l\m{z - p)'^\z - p\log{l/\z - p\)X^^{z) = , 

„ 1 

(Hi) lim \z - p\ log(l/|2; - p^X^^iz) = ■ 

Proof. Let H be the upper half-plane. For each simply closed curve 7 : [0, 1] — t- il around 
p with 7(0) = 7(1), consider the lift 7 of 7 in H. Since there exists an automorphism g on 
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H such that 7(1) = g{j{0)), we may assume that g{z) = z + 1 on H. Let tt : M ^ Q he 
the regular covering projection, we have n o g = tt. Define 99 : EI — ?> B*, 2; 1-^ e^'^*^, then 
the quotient space EI/ ((7) is conformahy equivalent to B*. Hence there exists a conformal 
mapping p : D* — )• fi such that poip = n and p can be extended to B — )■ il holomorphically 
by setting p(0) = p. So it is sufficient to consider the case p = and B* = Q. 
Let u{z) := logA(z), so \z{z) = Uz{z)X{z). It holds 

lim zuziz) = --, lim z'^u^ziz) = -, lim \z\'^Uz2 = 

z^O 2 z~*0 2 z^O 

by Theorem iFl In combination with Theorem HI we have 

lim zlzl log(l/|z[)A2(z) = lim z\z\log(l/\z\)uz(z)X(z) 

2:— 5-0 Z— 5-0 

= lini|z|log(l/[2;|)A(z) •zn^(z) = -— ^=== 



for the ffist case, 



limz |z|log(l/|zI)A^^(2:) = limz \z\log{l/\z\){uzz>> + Uz>>z) 

2—^0 Z-5-0 



lim(2; Uzz ■ \z\ log(l/U|)A) + limfzlzl log(l/|2;|)A^ • zuz) 

2— 5-0 Zs-O 

1 , 1^ , 1 . 3 

+ (-7t)-(- 



for the second case and 

!3 

|2 

1 , 1 



lim \z\ log(l/|z|)A^5(z) = lim \z\ log{l/\z\){uzzX + UzXz) 

2— >-0 2— s-0 

lim{\z\'^Uzz ■ \z\ log(l/|z!)A) + lim(z|z[ log(l/|z[)A5 • zu^) 

2— i>0 2— 5-0 



2^^^^ 2 4^^^ 
for the last case as desired. D 

Theorem 14.11 is given for a regular conformal metric with a (locally) Hoder continuous 
Gaussian curvature k. Considering Theorems 13.21 and 13.21 if we add the assumption that 
K is n-th order (locally) Holder continuous, we can obtain the higher order version of 
Theorems H] and 14.11 

Theorem 4.2 Let k: 3^ R be of class C"-2'^(B*) for an integer n > 3, < i^ < 1 and 
k(0) < 0. If u : O* ^- R is a C^' " -solution to Au = — K(z)e^" in B*, then u has order 
a € (—00, 1] and for ni, ^2 > 1, ni + 712 < n, 

(i) lim z"a"n(z) = -(-l)"(n - 1)! = lim ^"^"^(z), 
2— >o 2 2— >o 

(ii) lim z"lz"2^nl5n2^/^^ ^ q_ 

2->-0 

Proof. When < a < 1, u{z) = — alog \z\ + v{z). Theorems 4.1 and 4.2 imply that 
lim 2"5"t;(z) = 0, lim z^^z^^^ni^na^^^) ^ q 

2^0 2^0 

for 111, 77-2, n > 1. Since 

a" log \z\ = ^ ^ ^ '-, 9"i5"2 log \z\ = 0, (4.1) 
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so 

lim z"5"u(z) = -a lim z"a"log \z\ + lim z'^d'^vlz) = — (-l)"(n - 1)!, 

z^Q 2->-0 2->0 22:" 

iimz"iz"2a"ia"2u(z) = 0. 

When a = 1, ti(z) = — log|z| — loglog(l/[z|) +w{z). We have 

Urn z"a"tf (z) = 0, hm z'^^z'^^d'^^d^'^wiz) = 

z-^O z-^0 

for ni, 77.2, ?7 > 1, from Theorems 4.1 and 4.3. By induction, 

a"iogiog(i/|.i) = Ewi^ 



jr[ z»(log(l/|z|))J 



(n) 

with constant C- for 1 < j < n. If we fix 712, then 



n2 ^{"i,n.2) 
Qn^Qn2 loglog(l/|z|) = V ,/' , „ „,.^, 



^.^^,. ,. ^aog(i/izi))j 



with constant C^^''^'^' for 1 < j < n2. So 



hmz"a"loglog(l/[z|) =0, limz"iz"25"ia"Mogbg(l/|zI) =0 
2:— >o 2^0 

for ni, 71-2, n > 1. Combining with (|4.1|) leads to 

hm z^d'^u(z) = -a hm z"a" log Izl + lim z"5"t;(z) = ^ '-^ '-, 

limz"iz"2a"i9"2n(z) = 0. D 

From the proof above, we can obtain a stronger limit for the mixed derivative of u{z) 
when the order a = 1, 

limz"iz"2^1og(l/|z|))2a"i5"2u(z) = C'|"^''^2) ^ I ) ^^^ _ ^^1^^^ _ ^^1^ 

z— j-0 4 



see [15] for more details. 

On the basis of Theorem 14.21 we can provide the following result as a higher order 
estimate for a conformal metric with the negative curvature near the origin when a = 1. 

Theorem 4.3 Let k and u be tiie same as in Theorem \4.2l If the order of u is a = 1, 
then for ni, n2 > 0, ?ii + n2 < n, the hmit 

1 
rii!n2! z^b ' 



^,"2 := :ri^hmJz|log(l/|z[)z"iz"2a"i9"2A(z) 



exists. Moreover, the numbers ln\,n2 satisfy the following 



IX / IX 1 



^'^^"--^-[nl)[nlj./^^^y 



where 

't\ r(r-l)---(r-j + l) 



is the binomial coefficient. 
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Proof. We write X{z) = e"*^^\ then dX{z) = X{z)du{z), and 



5"A(z) = 5Z ("" • ^)d''~^u{z)d^X{z) 



j=0 

by induction, where d^X{z) = d^X{z) = X{z), so 



1 ' . / _ 1 \ 

— - Mm V ( ""^ " ) ^"2-ign2-i^.^^ . 1^1 iog(l /IzD^iS^Afz). 



^0,n2 



Theorem [J gives that Zq.o = l/\/— k(O). From the existence of Um^^o •^"^"•'(^"^"•'^(-z) and 
/o,0) we know that /q, n2 exists. Next, hmit (ii) in Theorem 14.21 enables us to write lni,n2 
as a sum of the terms only containing pure derivatives of u{z), 

^ni,n2 = ^— r lim V r' . z"^--'a"2-%(z) \z\log{l / \z\)z^' z^d'^'d^ X{z), (4.2) 
ni!n2! ^^0 ^ V J / 

thus the existence of /o,n2 guarantees lni,n2 exists. 

By Theorem 14. H it is known that lo,i is a real number, so li^ = /o,i = ^0,1 • Since 

a"2A(z)=^P^ ]d'''-^uiz)&>X{z), (4.3) 

then /n2,o = ^o,n2 by induction. From (j4.2p . (j4.3p . and (i) of Theorem 14.21 we have 

^711, n2 
= y lim , , ./""^ L^n2-i5n2-i^(^) . 1^1 log(l/|z|)z'^iz^9'^i5^A(z) 

f^^ z^o mW- jKn2 - I - j)l 
1 "'"^ 1 1 

= — y --— lim z"2-J5"2-Ju(z) • lim \z\ log(l/|z|)z"iz^5"ia-'A(z) 

712 ^ ni! j!(n2 - 1 -i)! 2^0 z^o ' 

1 '^z-i ('_i\n2-i 1 _ 1 "2-1 



Then 

n2-2 

2 



11 1 

^2 ■ 'ni,n2 = ■^ / ^ ("J-j '"1 j' ~ ^ '7ii,n2 — 1 = ~i^2 ~ lj'7ii,n2 — 1 ~ '^ 'ni,n2-l- 

Since /o,n2 = ^n2,0) 

_ -l-n2 + l _/-l\ 

''ni,n2 — '"ni.no — l — I l'"ni,0 

"2 ' \n2j 

'2 W„ _ / 2 \ !~2 



^^2 y \n2j\n1j 

Thus (i) is valid and (ii) follows form (i). D 
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However, when the order a < 1, the analogous Umit 

I' := Mm l^rA(z) (4.4) 

2— >0 

may also exist but cannot be described only in terms of the curvature of X{z). To discuss 
the limit (j4.4p for an SK-metric, we consider the limit 

^:=limsup|z|"A(z) (4.5) 



instead, since the definition (|2.ip of a corner guarantees that I < cxd for I defined above. 
Based on Theorem 1X1 and Corollary 4.4 in [7j, we have the following result corresponding 
to Theorem 14.31 in the thrice-punctured sphere. 

Theorem 4.4 Let < a, /3 < 1 and < 7 < 1 such that a + /3 + 7 > 2 and X{z) be an 
SK-metric on the thrice-punctured Riemann sphere C\{0, 1, 00} of orders a, f3, 7 at 0, 1, 
00, respectively, with the curvature k.{z). Then the upper hmit ()4.5p satisfies 



^^1372(1-")' (4-6) 



where 



with 



r(c) /r(l - a)r(l - b)T{a + 1 - c)r(5 + l - c) 



r(2 - c) V r(a)r(6)r(c - a)r(c - b) 



1/2 



a + /3-7 , a + /3 + 7-2 
a = , b = , c = a. 

Now we consider the upper limit / in the once-punctured unit disk D*. The following 
result is evident if we combine Theorem |X] with Theorem |Bl 

Theorem 4.5 IfX{z)\dz\ is an an SK-metric on D* with the order a € (0, 1) at the origin, 
then the upper hmit I defined in (|4.5p satishes I < 1 — a. 

When the SK-metric satisfies some stronger continuity assumption, the upper limit 
/ in ()4.5p will become the limit I' in (j4.4p at the origin, which enables us to consider 
the derivatives of / locally. For instance, if the k(z) and u{z) satisfy the assumption of 
Theorem 14.21 then u{z) is of class C^ in a neighborhood of z = and I = I' locally holds 
near the origin. Therefore we state the following result in terms of the recurrence relation 
similar to Theorem! 



Theorem 4.6 Let the functions k{z) and u{z) satisfy the assumption of Th eorem \4.2\ for 
an integer n and let X{z) := e^^^\ If the order ofu{z) is a G (—00, 1), then for rii, n2 > 0, 
ni + n2 < n, the limit 

I ■= _3_ lim !z|z"iz"2a"i5"2A(z) 

ni!n2' z->0 

exists and satisfies the following 
''^'"-=(nD('i)'' 

(■'V '"ni,n2 — ^ri2,rii) 

where I' is defined by (j4.4p . 
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